We introduce algorithms for the computation of homology, cohomology, and related operations on cubical cell complexes, using the technique based on a chain contraction from the original chain complex to a reduced one that represents its homology. This work is based on previous results for simplicial complexes, and uses Serre's diagonalization for cubical cells. An implementation in C++ of the introduced algorithms is available at http://www.pawelpilarczyk.com/chaincon/ together with some examples. The paper is self-contained as much as possible, and is written at a very elementary level, so that basic knowledge of algebraic topology should be sufficient to follow it.
Introduction
A full cubical set in R n is a finite union of n-dimensional boxes of fixed size (called cubes for short) aligned with a uniform rectangular grid in R n . Due to the product structure and alignment with coordinate axes, using full cubical sets for approximating bounded subsets of R n is very natural: a cube containing a point x = (x 1 , . . . , x n ) ∈ R n can be instantly calculated by simply truncating the Cartesian coordinates of x down to the nearest grid thresholds. For simplicity of notation, these thresholds can be set to the integers, so that the cubes are of unitary size. Such cubical sets naturally correspond to 2D and 3D binary images.
By analogy to simplicial complexes (see e.g. [44] ), sets of cubes with their vertices, edges, faces, etc., yield a natural chain complex structure, which can be used to compute their homology groups. We refer to [34] for a comprehensive study of this subject, and to the [9] and the [10] for a representative implementation of homology computation algorithms focused specifically on cubical sets.
Homology computation of cubical sets has already found some interesting applications. To mention a few of them, homology was used to extract topological information from medical images (e.g. [45] ), to classify the complexity of patterns coming from numerical simulations of PDEs (e.g. [20] ) or from physical experiments (e.g. [37]), and also in an automatized method for the computation of the Conley index from index pairs constructed as cubical sets in R n [41, 48] , used e.g. in a method for editing vector fields and extraction of periodic orbits [8] , and also very helpful in an automatic method for classification of dynamics in multi-parameter systems [4, 7] , which found applications e.g. in population biology [38] and in physics of plasmas [49] . Homology has also been proposed as a reliable criterion for thinning binary images of arbitrary dimension [46] .
With the increasing use of data structures based upon cubical sets in various applications, which often require the determination of certain topological features of the sets under consideration, the importance of the development of efficient algorithms for the computation of comprehensive algebraic-topological invariants of such sets is undeniable. Our work is aimed at contributing to this field of research by providing effective algorithms for the computation of comprehensive homological information on cubical sets. A prototype software implementation of these algorithms which allows for experimenting with sample datasets is published at the project's website [47] .
In a typical approach to homology computation (see e.g. [1, 44, 60] ), which we call the differential approach here, the matrices of the boundary homomorphisms ∂ q (the differential of the chain complex) are reduced to the Smith Normal Form (SNF), from which the homology groups are determined. In the integral approach, on the other hand, in addition to the computation of the homology groups, one also constructs degree +1 homomorphisms φ q : C q → C q+1 , which record the information on a chain contraction of the entire chain complex C to a reduced chain complex that represents its homology (see e.g. [17, 55, 57] ). This contraction provides much more comprehensive homological information which may be important for various applications. In particular, it allows one to calculate a representative cycle for each homology class, to find the homology class of every cycle, and to compute
